
Kinematic and highl y reduced-d ynamic LEO orbit
determination for gravity field estimation
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Abstract. Kinematicpositionsof low Earthorbiting
satellitesequippedwith spaceborneGPS receivers
arewidely usedasinput for subsequentgravity field
estimationprocedures.Positionsrelying on reduced-
dynamicorbit determination,however, areoftencon-
sideredas inappropriatefor this task,becausethey
dependto someextenton thegravity field modelun-
derlying the orbit estimation.We review the princi-
plesof reduced-dynamicorbit determinationandgive
themathematicalbackgroundfor a very efficient es-
timationschemeof reduced-dynamicsatellitetrajec-
toriesusingleast-squaresmethods.Simulatedaswell
asrealdatafrom theCHAMP GPSreceiverareused
to show the equivalenceof kinematicand reduced-
dynamicorbitsin thekinematiclimit andto presenta
highly reduced-dynamicorbit determinationscheme
asanalternative to kinematicpointpositioning.

Key words. Low Earthorbiter, reduced-dynamicor-
bit determination,kinematicorbit determination

1 Introduction

A new era in using data from spaceborneGPSre-
ceiverson boardlow Earthorbiters(LEOs)for grav-
ity field determinationwas openedin the frame-
work of theCHAMP mission(Reigberet al., 2002).
Thecombinedanalysisof high-low GPSsatellite-to-
satellitetrackingdataandSTAR accelerometerdata
(Touboul et al., 1999) enabledthe derivation of a
wholeseriesof highqualityglobalgravity field mod-
elswith unprecedentedaccuracy (see,e.g.,Reigberet
al., 2003).

Due to the heavy demandsposed on compu-
tational resourcesin the caseof classicalnumeri-
cal integrationtechniques,alternative methodshave
beendevelopedand establishedas well, e.g., rely-
ing on satellitepositionsusedaspseudo-observables
(see,e.g.,Visseret al., 2003).Gerlachet al. (2003)
usedkinematicCHAMP positions,which werepre-
cedingly derived by Švehlaand Rothacher(2003),
as pseudo-observationstogetherwith accelerometer
data and showed that gravity field modelscan be
estimatedwith a quality comparableto the official

CHAMP modelsby meansof the energy integral
method.Gerlachet al. (2003) reportedthat gravity
field modelsderived from reduced-dynamicorbits
(RD-orbits) are biasedtowards the a priori gravity
field modelusedfor theprecedingorbit estimation.

This article focuseson both reduced-dynamic
andkinematicpreciseorbit determination(POD)for
the purposeof gravity field estimation.We analyze
so-calledhighly RD- (HRD-) and maximum RD-
orbits (MRD-orbits) asalternativesto kinematicor-
bits.SimulatedandrealGPSdataof theCHAMP re-
ceiver areusedto investigatethe propertiesof such
orbitsandto assesstheirvaluefor asubsequentgrav-
ity field estimation,wherethemain issueconsistsof
clarifying dependenciesof orbital positionsandve-
locitieson thea priori gravity field modelsused.

2 LEO orbit determination

This sectionbriefly introduceskinematic,dynamic
andreduced-dynamicorbit modellingtechniquesap-
pliedto LEOsequippedwith onboardGPSreceivers.
Themain focuslies on a brief review of a novel ap-
proachproposedby Beutleret al. (2005)for a very
efficient computationof any typeof RD-orbits.RD-
orbit modelling techniquesareof particularinterest
becausethey containthetwo otherabove mentioned
techniquesasspecial(asymptotic)cases.

2.1 Kinematic orbit determination

Thegeometricstrengthandthehigh densityof GPS
observations allows for a purely geometricalap-
proachto determineLEO positionsat the observa-
tion epochsby precisepoint positioning(Švehlaand
Rothacher,2004).Theephemerisarerepresentedby
a timeseriesof threekinematiccoordinatesperkine-
matic epoch,which are determinedin a standard
least-squaresadjustmentprocessof GPS observa-
tionstogetherwith all otherrelevantparameterswith-
outusingany informationonLEO dynamics.

2.2 Dynamic orbit determination

Theequationof motionof anEarthorbiting satellite
includingall perturbationsreadsin theinertial frame
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denote 6 additionaldynamicalparameters
consideredasunknowns,whichdescribetheperturb-
ing accelerationactingon thesatellite.

Let usassumethatana priori orbit � ( �,�7"
is avail-

able,e.g.,from a GPScodesolution.Dynamicorbit
determinationmaythenbesetupasanorbit improve-
mentprocess,i.e.,theactualorbit � ���7"

is expressedas
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orbit parameters8:9 aboutthea priori orbit, which is
representedby theparametervalues8 9 ( :� �,�7" �;� ( �,�7" 
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where C 8 9 �� 8 9 � 8 9 ( denotethe D ��FE 
 6 cor-
rectionsto beestimated.Numericalintegrationtech-
niquesmustusuallybeappliedto solve theso-called
variationalequations(see,e.g.,Beutler, 2004)to ob-
tain the partial derivativesof thea priori orbit � (G���7"
with respectto the parameters8 9 , which allow the
solutionfor the correctionsC 8 9 in a standardleast-
squaresadjustmentprocessof GPSobservationsto-
getherwith all otherrelevantparameters.Eventually,
theimprovedorbitmaybecomputedaccordingtoEq.
(2). As the obtainedorbit is a particularsolutionof
the equationof motion, the trajectoryfully depends
on thedynamicalmodeldefinedby Eq.(1).

2.3 Reduced-d ynamic orbit determination

We usepseudo-stochasticorbit modellingtechniques
(Jäggiet al., 2005)asa realizationfor RD-POD(Wu
et al., 1991),which makesuseof both the geomet-
ric strengthof the GPS observations and the fact
thatsatellitetrajectoriesareparticularsolutionsof an
equationof motion.Theattribute”pseudo”is usedto
distinguishour approachfrom methodsconsidering
the satellitemotion asa stochasticprocess,whereas
theattribute”stochastic”refersto theintroductionof
additionalparametersto thedeterministicequationof
motion, which may have a priori known statistical
properties.In this article we make useof two types
of additionalparameters,namely instantaneousve-
locity changes(pulses)andpiecewiseconstantaccel-
erations.

2.3.1 Instantaneous velocity chang es

Pulsesare attractive for RD LEO POD mainly be-
causea large numberof pulsescan be set up effi-
ciently. This is due to the fact that a pulse-induced

orbital changemaybeexpressedonly by a changein
theKeplerianelements(see,e.g.,Jäggiet al., 2004a).
Therefore,the partial derivative of the a priori orbit
with respectto a pulse H 9JI at time

� 9 in direction K ,
subsequentlydenotedas LNM-OJP , maybeexpressedasa
linearcombinationof thepartialderivativeswith re-
spectto theinitial conditions

+ � ����� ����+�.
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Independentof the number of pseudo-stochastic
pulsessetup,only thesix variationalequationsrefer-
ring to theinitial conditionshaveto beintegratednu-
mericallyto subsequentlycomputeall partialderiva-
tiveswith respectto thepulsesassimplelinearcom-
binationswith constantcoefficients.

2.3.2 Piecewise constant accelerations

Piecewiseconstantaccelerationsareattractivefor RD
LEO POD,aswell, becausea largenumberof accel-
erationscanbesetup efficiently, aswell. Jäggiet al.
(2004a)showedthatthepartialderivativeof theapri-
ori orbit with respectto an accelerationb 9 actingin
thesubinterval

� 9�c ��de�fWe� 9 in direction K maybe
written asa linearcombinationwith time-dependent
coefficientsof the partial derivativeswith respectto
theinitial conditions
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or, alternatively,asalinearcombinationwith constant
coefficients of the samepartial derivativesand one
additionalpartialderivativewith respectto aconstant
accelerationpointing in the samedirectionandact-
ing over the entireorbital arc. Therefore,all partial
derivativeswith respectto the accelerationsmay be
constructedfrom averylimited setof numericallyin-
tegratedpartialderivatives.

2.3.3 Normal equation system

We give a shortoverview of the structureof the re-
sultingnormalequationsystemfor thestandardleast-
squaresadjustmentprocessof GPSobservations.For
thesakeof simplicity, weconsideronly thesix orbital
elementsandthepulsesin threeorthogonaldirections
at times

� 9 , q � 3��4� ����� D � 3
asparameters.For amore

detailedderivation,alsoconsideringdifferentparam-
eter typeslike piecewise constantaccelerationsand



additionalparametertypeslikecarrierphaseambigu-
ities,wereferto Beutleret al. (2005).

The pulse-epochsdivide the orbital arc into D
subintervals. Let us write all D�r7O observation equa-
tionsof thesubinterval st9 �vu � 9 �7� 9�w �4"

in aconvenient
matrixnotation:x 9 A#y{z 
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where
x 9 is the first designmatrix with D�r7O lines

and six columns, y{z the columnarraycontaining
thesix incrementsof the initial osculatingelements,} 9,� & ] I�� � [ 9kI-] & the matrix with six lines and three
columnscontainingthe coefficientsof Eq. (3), y�� 9
thecolumnarraycontainingthe threepulsesat time� 9 , y{� 9 the columnarraycontainingthe D�r�O terms
”observed-computed”,and � 9 thecolumnarraycon-
taining the D r O residuals.Note that all pulsessetup
beforethesubinterval s 9 remainactiveandcontribute
to theobservationequationsof subinterval s 9 aspre-
dicted by the linear combinationof Eq. (3). There-
fore, thelastsubinterval eventuallycontainsthecon-
tributionsdueto all pulsesof theorbitalarc,provided
thatthe initial conditionsarestill referringto thebe-
ginningof theorbitalarc.

To study the structureof the resulting normal
equationmatrix, it is instructive to usethecontribu-
tions � 9 �� x��9�� 9 x 9 persubinterval to thenormal
equationmatrix of dynamic POD, i.e., POD with-
out pulses.Obviously, thesecontributions form the
completenormalequationmatrixof dynamicPODas� �� Z < c �9�> ( x��9 � 9 x 9 , but they arealsothebuilding
blocksof the complete,symmetricnormalequation
matrix in thepresenceof pulses,which readsas������������

� < c �Z9 > � � 9 } � A�A4A < c �Z9�> < c � � 9 } < c �� } � � < c �Z9�> � ��9 } � A�A4A } � � < c �Z9�> < c � ��9 } < c �� � ...
...� � � } �< c � < c �Z9�> < c � ��9 } < c �
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(6)

Equation(6) illustratesthat thenormalequationma-
trix (andalsothecorrespondingright handsideof the
normalequationsystem)hasa simplestructure,but
grows monotonicallyafter having processedall ob-
servationsof onesubinterval. Note in particularthat
it is notpossibleto pre-eliminatethepulsesatany ob-
servationepochwhichis indicatedby theuppersum-
mation limit. Beutleret al. (2005)madefull useof

thestructureof Eq. (6) andfoundthatfor a largeva-
riety of applicationsthe solutionvectorand the as-
sociatedfull variance-covarianceinformationmaybe
computedwith sufficient efficiency. However, when
striving to thekinematiclimit, i.e.,pseudo-stochastic
parameterssetup at a ratecloseor equalto the ob-
servationsamplingrate,theproceduresbecomeinef-
ficient dueto theunavoidably largenormalequation
matrix,whichhasto beinverted.

2.3.4 Transf ormation of Keplerian elements

Rearrangingall observation equations(Eq. (5)) of
the subinterval s 9 shows that the orbit may be rep-
resentedwithin thissubintervalby only six Keplerian
elements:x 9 A � y{z 
 9=| > �~} | A�y�� |5� � y{� 9 ��� 9 �

(7)

where the term in parenthesesdenotesthe column
array containingthe six orbital elementspertaining
to epoch

�)(
, but characterizingthe trajectorywithin

this particularsubinterval. This setof elements,sub-
sequentlydenotedas y{z 9 , is simply relatedto the
setof elementsof theprevioussubinterval by:y{z 9 � y{z 9,c � 
 } 9 A�y�� 9 �

(8)

It is instructive to apply the transformationgiven in
Eq. (8) eachtime afterhaving processedall observa-
tionsof onesubinterval. The resultingnormalequa-
tion matrix thenreadsas:�����������
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The solution vector obtainedfrom the transformed
normalequationsystemcontainsthe samepulsesas
the untransformedsystem,but the set of elementsy{z < c �

referring to the last subinterval (insteadofy{z (
referring to the first subinterval). A compar-

ison with the untransformednormal equationma-
trix (compareEq. (6)) revealsthe benefitof the ap-
pliedtransformationbecauseit isnow possibletopre-
eliminatethepulsesaftereachsubinterval astheup-
persummationlimits in Eq.(9) indicate.Beutleret al.
(2005)madefull useof the structureof Eq. (9) and
proposeda very efficient pre-eliminationandback-
substitutionschemefor different types of pseudo-
stochasticparameters,which allows it to efficiently
realizethekinematiclimit with RD-orbits.
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Fig. 1. Daily (1-dim.)RMS of differencesfor AIUB kine-
matic and IAPG kinematicorbits w.r.t. conventionalRD-
orbitsfor days071/2002to 070/2003.

3 Processing of real CHAMP data

The GPS final orbits and the 30s high-ratesatel-
lite clock correctionsfrom the CODE analysiscen-
terwereusedtogetherwith attitudedatafrom thestar
tracker on boardof CHAMP providedby GFZ (Ge-
oForschungsZentrumPotsdam)andthe gravity field
model EIGEN-2 (Reigberet al., 2003) to conven-
tionally processundifferencedCHAMP GPSphase
trackingdatacovering a oneyear time period from
day 071/2002to 070/2003.For a subsetof track-
ing data,coveringGPSweeks1173-1176,10s GPS
satellite clock correctionswere generatedin order
to perform testswith several kinds of HRD orbit
parametrization.All computationswere performed
with adevelopmentversionof theBerneseGPSSoft-
ware(Hugentobleret al., 2001).

3.1 Results of kinematic POD

Figure 1 shows daily (1-dim.) RMS valuesof or-
bital differencesderived from our kinematicorbits
(AIUB) with respectto conventionalRD-orbitswith
pseudo-stochasticparametersset up every six min-
utes.As a reference,the differencesemerging from
thekinematicorbits(IAPG) computedby Švehlaand
Rothacher(2003) are displayedas well. The two
curvesshow, on theonehand,thatbothsetsof kine-
matic orbits areof similar quality, but, on the other
hand,they reveal for both solutionsa considerable
numberof poorlydeterminedtrajectories,mainlydue
to dataquality issues.As a consequenceof the very
low degree of freedomper epoch,kinematic posi-
tions reactvery sensitively to the densityandqual-
ity of GPSobservations.This makes a robust pre-
processinga greaterchallengethanfor conventional
RD-POD.

3.2 RD-POD at the kinematic limit

The estimationschemepresentedin section 2.3.4
makes it possibleto efficiently approachthe kine-
matic limit with RD-orbits. For one particularday
Fig. 2 (top) puts the cross-trackdifferencesfor the
kinematicorbit togetherwith thedifferencesemerg-
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Fig. 2. Cross-trackdifferencesof thekinematicanddiffer-
entHRD-orbitsw.r.t. aconventionalRD-orbit(top)anddif-
ferences(radial/cross-trackshiftedby 5 mm) betweenthe
kinematicandtheMRD-orbit (bottom)for day198/2002.

ing from two HRD-orbits,i.e., orbitswhich arerep-
resentedby six initial conditionsand threeuncon-
strainedpulsessetupeveryoneandevery threemin-
utes, respectively. We seethat the HRD-orbits ap-
proachthekinematicorbitwhenthenumberof pulses
increases.Becausethedifferencesfor theMRD-orbit
wouldcompletelyoverlapwith thedifferencesfor the
kinematicorbit, Fig. 2 (bottom)displaysthe differ-
encesbetweenboth orbits separatelyand confirms
theirequivalenceto thenumericalprecisionprovided
by theSP3orbit file format,apartfrom a few excep-
tionswhicharediscussedin thefollowing paragraph.

3.2.1 Proper ties of MRD-orbits

Theleast-squaresadjustmentprocessfor theestima-
tion of a MRD-orbit, eitherbasedon pulsesor accel-
erations,resultsin a regularnormalequationsystem
like in thecaseof kinematicPOD.It is instructive to
have a closerlook at MRD-orbitsin orderto empha-
sizepossiblebenefitsof HRD-orbits.For thesake of
simplicity weconfineourselvesto discusstheresults
achievedwith pulses,becauseMRD-orbitsbasedon
accelerationsdo not provide moreinsight in this re-
spect.

For MRD-orbits, threeunconstrainedpulsesare
setup at all D r-��� observationepochs,exceptfor the
very first and the very last one.Therefore,together
with the six initial conditions, a total number of� A D�r-��� orbit parametersareestimated,whichis obvi-
ouslythesamenumberof unknownsasin thecaseof
akinematicorbit. Providedthatat leastfour GPSob-
servationsareavailablefor every observationepoch,
all epochparameterscanbedeterminedfor bothap-
proaches,i.e., threepulsesandthreekinematiccoor-
dinates,respectively, anda receiverclock correction.
Both orbit ephemerisareequivalentat the observa-
tion epochsasillustratedin Fig. 3 (top).



Fig. 3. MRD-orbit (solid line) basedon pulsesin compari-
sonwith thetrueorbit (dottedline) (top) andimpactof an
increasedsamplingrate(bottom).

The trajectory of the MRD-orbit is definedin-
betweenthe observation epochs,as well. The posi-
tionsat theleft andat theright boundaryepochspro-
vide the necessarysix conditionsto definea trajec-
tory betweenthesetwo points,whichsolvestheequa-
tion of motion (Eq. (1)). Note that the positionsat
the observation epochsare completelyindependent
of the force field, but the trajectoryin-betweenand
in particular the orbital velocity is given by the a-
priori force model. It is thus not possibleto derive
more independentinformationconcerningthe force
field from a MRD-orbit thanfrom a kinematicorbit.
Thesamestatementholdsif accelerationsaresetup
with thehighestpossibleresolution,wherethetrajec-
tory in-betweenis allowed to have large excursions
(”slalom”-orbit).

If therearelessthanfour GPSobservationsavail-
ableatacertainepoch,it isnotpossibletoestimateall
threepulses.Figure2 (bottom)includessuchepochs
wherethe filtering due to the dynamicorbit model
startsto affect theMRD-trajectory, which is respon-
sible for a few larger differences.A closer inspec-
tion shows that this effect is limited to theneighbor-
ing epochsof intervalswith few observations.For a
few days,however, we alsofounddeviationslasting
longer, a caseto beinvestigatedfurther.

3.2.2 Proper ties of HRD-orbits

Section3.2.1showed that MRD-orbits may be con-
sideredas equivalent to kinematic orbits. In order
to make useof filtering effectsassociatedwith RD-
orbits,it is thusnecessaryto setuppseudo-stochastic
parametersat subintervals of length �@� longer than
theobservationsamplinginterval � � . Because�@� de-
termines,in essence,the achievable resolution for
a subsequentgravity field recovery procedure,� �
shouldberatherdecreasedthan � � increased.Figure
3 (bottom)illustratesthis for pulsesin comparisonto
thecaseof maximumresolution(top).Thetrajectory
is filtered with the force model because� � W � � ,
which leadsto a trajectorywith a reducedscatter. As
a drawback,however, theresultsshow a dependency
on the force modelas illustratedin Fig. 3 (bottom),
evenif theorbital positionsareevaluatedonly at the
pulseepochs.A simulationstudyin section4 is used

Table 1. OverallRMSof velocitydifferencesw.r.t. conven-
tionalRD-orbits(GPSweeks1173-1176).

Solution 30sGPS-sampling 10sGPS-sampling
(mm/s) (mm/s)

kinematic 0.19 0.23
30spulses (0.15) 0.24
30sacc. (9.26) 0.30

60spulses 0.14 0.15
60sacc. 0.17 0.15

to establishthe relationshipbetweenthe additional
forcefield dependency andthereductionof noise.

3.3 Results of HRD-POD

Commonly usedgravity field recovery procedures
do not only use the orbital positions as pseudo-
observables.The energy integral method,e.g., re-
quiresinstantaneousorbitalvelocitiestocomputedis-
turbing potentialvaluesalongthe orbit (Földváry et
al., 2004).Table1 givesan impressionof the scat-
ter of four weeksof CHAMP orbital velocitiesob-
tainedfor differentsolutionswith respectto conven-
tional RD-orbit velocities.The solutionsin paren-
theses(e.g., the ”slalom”-orbit, see section 3.2.1)
have no value for gravity field recovery and are
listedjust for completeness.In general,werecognize
thatpulse-basedsolutionsshow a smallerRMS than
acceleration-basedsolutionsfor high resolutions,but
would encounteran oppositebehavior if the resolu-
tion wasfurtherdecreased.We haveto keepin mind,
however, thata smallnoisefor pulse-basedsolutions
doesnotnecessarilyindicateabetterqualificationfor
gravity field recovery, e.g.,due to dependencieson
thea priori gravity field model.

The resultslisted in Table 1 are in good agree-
mentwith theexpectationsfrom thesimulationstudy
following in section4, with two exceptions.First,
the10s kinematicvelocitiesareslightly noisierthan
the 30s basedvelocities,even if the same7-point
Newton-Gregory interpolation was applied to the
kinematic positions (Földváry et al., 2004). This
might indicatea problemwith the 10s GPSsatel-
lite clock corrections,in particular becausean al-
most identicalRMS of 0.20mm/sresults,if the ve-
locitiesareevaluatedevery 30s only. Secondly, sim-
ulateddatapredictonly aslightly largerRMSfor 30s
acceleration-basedvelocitieswith 10ssamplingthan
for the 10s kinematicvelocities.This predictionis
not confirmedby the observed RMS of 0.30mm/s
andneedsto beinvestigatedfurther.

4 Simulation stud y

A 24h dynamicCHAMP orbit in a truegravity field,
definedby thegravity field modelEIGEN-2upto de-
greeandorder120, served as the true orbit to sim-
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Fig. 4. Amplitude spectradue to noiseand due to force
modelerrorsfor HRD-orbitpositionsbasedonpulses(top)
andaccelerations(bottom)with ¡~¢ = 30s and ¡¤£ = 60s.

ulate undifferencedGPSphaseobservations,which
weregeneratedeitherfree of noiseor, alternatively,
with a white noiseof 1mm RMS error. A differenta
priori gravity fieldmodelwasthenusedto reconstruct
the trueorbit with differentPODstrategies.Eventu-
ally, Fourier analysistechniqueswereusedto study
thedifferencesof theestimatedorbital positionsand
velocitieswith respectto the true valuesin the fre-
quency domain.A ratherpoor a priori gravity field,
realizedby the EIGEN-2 model truncatedat degree
andorder20,wasusedto reconstructthetrueorbits.
In addition,the low degreeandordersphericalhar-
moniccoefficients(

d
20) wereslightly modifiedac-

cordingto theformalerrorestimatesprovidedby the
EIGEN-2model.

4.1 Fourier analysis of orbital positions

Figure4 shows amplitudespectraof orbital position
differencesover onedayemerging from HRD-orbits
basedon pulses(top) andaccelerations(bottom),re-
spectively, with � � = 30s and �~� = 60s. Theampli-
tudespectradenotedas’a priori signal’ characterize
theresidualimpactof thea priori gravity field model
in a noise-freesimulation.Theamplitudespectrade-
notedas’noisesignal’ characterizetheimpactof the
1mmGPSphaseobservationnoisein absenceof any
gravity fieldmodelerrors.Fig.4 confirms,in essence,
thatorbit differencesignalswith periods� Wv¥ A � �
(indicatedby a vertical line in all spectra)aredomi-
natedby thea priori gravity field modelasthea pri-
ori gravity field inducedsignalamplitudesexceedthe
apparentamplitudescausedby theobservationnoise,
which is strongly reducedin the highestfrequency
rangedueto theRD-filtering.Theeffect illustratedin
Fig. 3 (bottom),however, explainsthattheimpactof
thea priori gravity field modelis not only restricted
to periods � W¦¥ A � � asonemight expectfrom an
ideal filter, but also leaks into the lower frequency
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Fig. 5. Noisespectra(top)for 10sand30skinematicorbits
andHRD-orbit basedon accelerationswith ¡~¢ = 10s and¡¤£ = 30sandspectrumdueto forcemodelerrors(bottom).

range.It is in particularpossiblefor RD-orbitsbased
onpulsesandlargervaluesof � � thatthesignalspec-
trumexceedsthenoisespectrumalsofor few periods
largerthan

¥ A � � . As expected,accelerationsshow a
slightly betternoisereductionanda greatlyreduced
dependency on the a priori gravity field modelover
the entirefrequency range,becausethe unexplained
gravity field signalis notonly absorbedatcertaindis-
creteepochs.

Figure5 shows analoguespectrafor themorein-
terestingcasewith � � = 10s and � � = 30s basedon
accelerations.Figure5 (bottom)indicatesa negligi-
ble influenceof the a priori gravity field signal in
comparisonto the noiselevel, at leastover the con-
sideredone-daytimeinterval (seesection4.3).Figure
5 (top) alsoshows thenoisespectraof 10s and30s
kinematicorbits.Takinginto accountthatthelevel of
thelastmentionedspectrumis only apparentlyhigher
by § �

becauseof its lowersampling,weseethatthe
HRD-orbit exhibits a betternoisecharacteristicthan
bothkinematicorbits in thehighestfrequency range
andstill aroundtheregionof interestat

¥ A �@� = 60s.

4.2 Fourier analysis of orbital velocities

As mentionedin section3.3, gravity field recovery
procedureslike the energy integral methodalso re-
quire instantaneousorbital velocitiesas input data.
This is the motivation to performan analogueanal-
ysis for velocitiesas it was donein section4.1 for
positions.Notethatorbitalvelocitiesareby-products
of all typesof HRD-orbits,whichmaybeobtainedby
taking the time derivative of Eq. (2). For kinematic
orbits, however, only approximateprocedurescan
be appliedto the kinematicpositionslike a 7-point
Newton-Gregory interpolationproposedby Földváry
et al. (2004).

Figure 6 shows amplitudespectraof orbital ve-
locity differencesoveronedayemergingfrom HRD-
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Fig. 6. Amplitude spectradue to noiseand due to force
modelerrorsfor HRD-orbitvelocitiesbasedonpulses(top)
andaccelerations(bottom)with ¡~¢ = 10s and ¡¤£ = 30s.

orbits basedon pulses(top) and accelerations(bot-
tom), respectively, with � � = 10s and � � = 30s,
i.e., spectracorrespondingto the situationshown in
Fig. 5 (bottom).Figure6 (bottom)indicatesfor the
acceleration-basedvelocitiesanegligible influenceof
the a priori gravity field signal in comparisonwith
the noiselevel, at leastover the consideredone-day
time interval (seesection4.3). The pulse-basedve-
locities (top) show a similar pictureif they arecom-
putedat the pulseepochsasthe meanvaluesof the
left- andright-handsidelimits of the discontinuous
velocity vectors.Note that the strongerdependency
ontheapriori gravity fieldmodelfavorsacceleration-
basedvelocitiesfor thetaskof gravity field recovery.
Comparingboth noisespectrain Fig. 6 implies, on
the otherhand,that highly-resolvedpulse-basedso-
lutions exhibit a more favorablenoisereductionfor
the highestfrequency rangethan the corresponding
acceleration-basedsolutions,which wasalreadyob-
servedin Table1 for realdata.

Figure 7 shows the amplitudespectrafrom Fig.
6 (bottom)amendedby spectraof kinematicveloci-
ties,which wereestablishedby theNewton-Gregory
interpolation from noise-freeand noisy 30s kine-
matic positions,respectively. Taking the apparently
higherlevel of the last mentionedspectruminto ac-
count, we see similar noise for kinematic veloci-
tiesandvelocitiesfrom theaccelerationbasedHRD-
orbit, exceptfor thehighestfrequency range.There,
theperformanceof thekinematicvelocitiesis better
dueto a moreefficient smoothingof high frequency
signalsby the relatively long interpolation-intervals.
Applicationof 60s piecewiseconstantaccelerations
would leadto a similar effect for theHRD-solution.
Note that comparableresultswould be obtainedfor
thekinematicvelocitiesif thesame7-pointNewton-
Gregoryinterpolation(30sspacingbetweentheposi-
tionsusedfor interpolation)wasappliedto 10skine-
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Fig. 7. Noisespectrumanalogueto Fig. 6 (bottom)andto-
tal spectrumfor 30s kinematicvelocities(top) andcorre-
spondingmodelerrorspectra(bottom).

maticpositions,but muchworseresultsif thespacing
of theusedinterpolationpointswaschangedto 10s.

Figure7 (bottom)givesthecorrespondingnoise-
free spectraseparatelyand shows that the Newton-
Gregory interpolation introducescomparablylarge
interpolation errors when comparedto the HRD-
spectrum,althoughtheabsoluteerrorsdo not exceed
the level of 0.1mm/s.Thediscretespectrallines are
notrestrictedto theperiodrangeshown in Fig.7 (bot-
tom), but continueto lower frequenciesdown to the
orbital frequency. Figure7 (top) shows thatsomeof
theselines even exceedthe noiselevel of the total
spectrumof theconsideredonedaydataset.

4.3 Impact of data accum ulation

All gravity field recoveryproceduresmakeuseof the
accumulationof individual (daily) solutionsin order
to reducerandomerrorsfor a most reliableestima-
tion of gravity field coefficients.Figure8 illustrates
for themosttrivial errormodelhow theHRD signal
andnoisespectrafrom Fig. 6 (bottom)would look if
datahadbeenaccumulatedover400days.It is simply
assumedthat all systematicerrorsare not reduced,
whichwouldbethe(worst)casefor adaily repeator-
bit, whereasrandomerrorsarereducedby thesquare
rootof thenumberof accumulatedsolutions.

Figure8 indicatesthat for long datasetsthesys-
tematicerrorswouldbecomemoreimportantthanthe
randomerrorsunderthe above mentionedassump-
tions,becausethe impactof the ratherpoor a priori
force field (truncatedat degreeand order 20: right
vertical line) startsto exceedthe noiselevel in the
lower frequency range.It remainsto beseenwhether
suchbiasestowardsthe a priori modelwould actu-
ally occurin real gravity recovery experiments.It is
just aswell possiblethatsmall systematicerrorsare
reducedin a combinationlike randomerrorsdueto a
permanentlychangingorbit geometry.
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Fig. 8. Amplitudespectrafrom Fig. 6 (bottom).Thenoise
spectrumis downscaledto simulatetheworstcaseeffectof
dataaccumulation(seetext).

To get an impressionof the impactof the a pri-
ori model for real data,we repeatedthe processing
describedin section3.3 with thegravity field model
EGM96 (Lemoineet al., 1997) insteadof EIGEN-
2 andcomparedthe correspondingorbital velocities
with eachother. For themostinterestingsolutionwith� � = 10s and � � = 30s we found an overall RMS
of velocity differencesof 0.026mm/sfor pulsesand
0.016mm/sfor accelerationsdueto thechangedforce
model,which is comparableto thesimulatedresults.

5 Conc lusions

Wepresentedaveryefficientmethodto computeRD-
orbits basedon pseudo-stochasticparameterswith
resolutions� � a � � and showed that MRD-orbits
are, in essence,equivalent to kinematicorbits. The
pre-processingof GPSdatawasfoundto bethemost
importantaspectwhengeneratingthe one-yeardata
setof kinematicCHAMP positions.This problemis
of coursenot removedwhengeneratingMRD-orbits.

An extensive simulation study showed that not
only kinematicorbitsbut HRD-orbits,aswell, could
beinterestingasinputdatafor gravity field recovery,
in particularfor theupcomingGOCEmission(ESA,
1999)whichis expectedto provide1sGPSdata.The
influenceof interpolationerrorsonkinematicveloci-
tieswasfoundto belargerthantheinfluenceof thea
priori gravity fieldmodelonHRDvelocities,evenif a
very poora priori modelwasused.First experiences
gainedwith four weeksof real CHAMP GPSdata
confirmed,in essence,theexpectationsfrom thesim-
ulation study. However, the side-issueof generating
mostreliable10sGPSsatelliteclockcorrectionsand
theissueof alargervelocitynoiselevel thanexpected
from simulationsfor theacceleration-basedHRD so-
lutionsneedto befurtherstudied.
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